A new simple test against spurious long memory using temporal aggregation 
Introduction
Let x t be a linear long memory process characterized mainly by the following condition
for d ∈ (0, 0.5). We consider an aggregated long memory process defined as
where B is backshift operator and m denotes the aggregation level. Chambers (1998) , Man and Tiao (2001) and Souza (2008) show that if x t satisfies (1) with d < 0.5, then its aggregation process y t also satisfies (1) with the same fractional integration order d. This condition implies invariance of the memory parameter to aggregation.
Spurious long memory can arise in many cases. Especially in stock market data, it has been still highly debated whether the observed long memory is real or spurious phenomena. Many studies found long memory in the volatility of stock returns (Hiemstra and Jones (1997) , Henry (2002) , Tolvi (2003) and among others). Lobato and Savin (1998) and the references therein discuss the real and spurious long memory properties of stock market data. They investigated the major causes of spurious long memory, such as aggregation, nonstationarity and regime switching. By using LM type test of Lobato and Robinson (2003) , they estimated the memory parameter and tested the significance of the parameter to conclude whether the observed memory is real or spurious. However, it is well known that several processes are able to create spurious long memory by generating a certain degree of fractional integration (see Granger and Ding (1996) , Granger and Teräsvirta (1999) , Kuswanto and Sibbertsen (2008) and among others). Therefore, developing a test which is able to distinguish long memory from the spurious processes is still of interest, which may lead to the proper model choice.
The fact that the memory parameter does not change with aggregation can be used as a means to distinguish long memory from the spurious processes. Ohanissian et al. (2008) estimates the memory parameter across several aggregation levels and proposes Wald type test to distinguish these two phenomena. They show that the test is able to detect the spurious process under alternative with very considerable power. Their results are based on the simulation study by examining very large number of observation, meaning that it has good performance for high frequency data and our initial study shows that the test losses the power significantly under finite sample size. They uses GPH estimator of Geweke and Porter-Hudak (1983) method to estimate the memory parameter and the theoretical properties of the test has been well investigated. However, Teles et al. (1999) proved that using GPH estimator of aggregated series for testing long memory has very serious consequences on the power of the test which may lead to the wrong conclusion, especially using bandwidth frequency T 0.5 .
In this paper, we propose a new test against spurious long memory based on the invariance principle, in line with the basic idea of Ohanissian et al. (2008) . Our test is developed by calculating the statistic value for every pair of aggregation level and taking the maximum among the values, the same concept with testing change in the memory parameter of Beran and Terrin (1996) . We estimate the memory parameter by semi-parametric local Whittle maximum likelihood instead of GPH estimator. This estimation method has been proved to have smallest bias estimate with minimum standard deviation (Souza (2007) ).
This paper is organized as follows. Section 2 discusses the main result including the proposed test and its asymptotic distribution. Section 3 presents the performance of the test in finite sample size. The empirical application , ie. the case of German stock returns is given in section 4. The proof is given in appendix.
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Main Result
A stationary ARFIMA(p, d, q) process x t has the following representation:
where B is the backshift operator, φ(B) and θ(B) are the AR and MA polynomials respectively and t is a white noise process with variance σ 2 . The spectral density of (3) satisfies
We aggregate the process x t by a level of aggregation m following (2), with m = 2, ..., M . Under the aggregated series y t , the series length becomes n = N/m. Note that m = 1 corresponds to the original series x t . The spectral density of y t with memory parameter d satisfies
where λ = 2πjm/N = ωm and the periodogram of y t is given by
Our statistic is constructed based on the semi-parametric local Whittle estimator proposed by Robinson Robinson (1995) . Let us consider the Gaussian objective function for original series x t :
is bounded above, f (ω) exists and is finite in the vicinity of the non-zero Nyquist frequencies.
7. α(ω) is differentiable near the origin such that
where α(ω) = ∞ j=0 α j e ijω 8. Condition 3 holds and E( 3 t |F t−1 ) = µ 3 , a.s., E( 4 t ) = µ 4 , t = 0, ±1, ... for finite constant µ 3 and µ 4 .
9. There exists a β satisfying Condition 6 such that
If condition (1) to (5) hold for x t , then it builds the consistency of the local Whittle estimator for aggregated time series y t . Also, if condition (5) to (9) hold for x t , then the local Whittle estimator for y t is asymptotically normal such that
The readers are referred to Souza (2007) for the proof and the details of these conditions. Now, consider two objective functions for two aggregated series y (m 1 ) and y (m 2 ) as follows:
where Q(n 1 , d) and Q(n 2 , d) denote the objective function of the aggregated series y t with level m 1 and m 2 respectively. From this, the local Whittle estimatord is defined bŷ
We will test the constancy of the estimated memory parameter among several aggregation levels to prove the invariance principle of the memory parameter to aggregation. The null hypothesis we attempt to test is that
The alternative hypothesis is therefore defined as any violation of the equalities in H 0 , i.e at least one pair of aggregated levels, m i and
In this paper, the idea of the test is similar to testing change in long memory parameter (see Beran and Terrin (1996) , Horväth and Shao (1999) , Lee and Lee (2007) ). To test the constancy of the long memory parameter between two aggregated levels {m 1 = m 2 }, we propose the following statistic
The calculation of z m 1 ,m 2 involves two levels of aggregated series for all combinations of the paired m. It means that for any choice of M aggregation level, we have M C 2 values of z. In this case, M is chosen such that the aggregated series can still be used for estimating the long memory parameter. The supremum value is proposed as the statistical test. Therefore, to test the constancy of parameter d among several aggregation levels, we suggest the statistic
Let a k is the coefficient of moving average representation of y t defined as
The asymptotic distribution of the proposed test statistic is given in the following theorem.
Theorem 1: Assume 0 < d < 0.5 and the condition (5), (6) , (7), (8) and (9) 
Proof: see appendix
From the theorem above, we reject the null hypothesis for large values of χ n . In principle, it is possible to generate the critical values from a sequence of Brownian bridge B(t) and variance σ 2 as written in the theorem. However, it seems that σ 2 has a very complicated form which leads to some difficulties. To avoid this, the critical values will be determined by using the simulated sampling distribution of χ n .
Simulation
This section carries out simulation studies to obtain the critical values, as well as to assess the test performance in finite sample. As we pointed out above, the critical values are obtained by using the simulated sampling distribution of max 1≤i,j≤M |z m i ,m j |. It is done by generating 50000 sample sizes and 10000 replications. The aggregation levels are set to be m = 2, 3, 4, 6, 8, 12, which are commonly used in empirical applications (Teles et al. (1999) , (2008)). In the latter work, they studied the effect of the use of aggregate time series on the Dickey-Fuller test for unit root and a new unit root test based on aggregate time series was developed. In brief, the procedure to obtain the critical values can be described as follows:
• we generate the process under null hypothesis with sample size of 50000
• we apply the test statistic with each setting of aggregation level to obtain the statistic z m 1 ,m 2 as well as χ n
• we do above steps 10000 times and therefore, we have 10000 values of χ n .
• we tabulate the sampling distribution of χ n to determine the quantile of the sampling distribution as the critical values. Having this sampling distribution, we do not need to generate σ and B(t) since we have that
It is easy implemented procedure and commonly applied to simulate the critical value of tests whose nonstandard asymptotic distribution such as unit root Dickey Fuller test and the extensions. Table 2 presents mean and standard deviation of the estimated long memory parameter for several aggregation levels. It is useful to assess the performance of the local Whittle estimator. The power experiment is carried out by generating several processes which are able create spurious long memory, ie. Markov switching, STOP-BREAK and random level shift process. These models can be described as follows:
• Markov-switching process
with t ∼ N (0, 1), s t is state of the Markov process with the state transition probability p 00 and p 11 .
• STOP-BREAK process
with t ∼ N (0, 1).
• Stationary random level shift process
• Nonstationary random level shift process
with j t is IID Bernoulli(p), ε t and t are defined as in the stationary random level shift process.
These models are strong candidates which can easily mislead the properties of long memory (Granger and Ding (1996) In this part, we generate data with two different sample sizes, N = 2000 and N = 5000 with 1000 replications. Note that for N = 2000, it is considered a very small sample in practice, especially in the context of volatility modeling. Meanwhile, N = 5000 is a reasonable sample size for this case. Moreover, aggregating 5000 sample size with level of 12 results on big enough sample required to estimate the memory parameter. In the table, we present mean value of the fractional integration order obtained from 5000 sample sizes. Smaller bias is observed for smaller sample size. However, we omit the results for the reason of space. Note: The third model specification has parameter φ1 = −φ2 = 0 9 Dealing with the ability of the processes to resemble long memory, we see that all data generating processes are able to generate fractional integration orders which lie in long memory range. It can be seen from the mean values of the long memory parameter under m = 1, which corresponds to the original series. Therefore, the examined parameters are correctly specified. However, the point of consideration in this paper is not focused on whether the models are able to create spurious long memory or not, since it has been proved in the aforementioned references. Through the power experiment, we assess the behavior of the estimated memory parameter to aggregation and the ability of our test to specify these models into their class, which is spurious long memory. Since our test involves a pair of aggregation levels, thus we cannot obtain any value for m = 1. We denote it with "-" in the table.
Let us consider Markov switching processes in table 4. The choice of the transition probabilities mainly refers to previous works which found that the higher the transition probability p ii , the longer the process is expected to remain in state i and the process becomes more persistent. Under this condition, the process will easily be confused with long memory (see Sibbertsen (2007, 2008) for intensive simulation results). The first two parameter settings in model 1 are general Markov switching processes and the last is Markov switching with iid regimes (MS-IID) and therefore, φ 1 = −φ 2 = 0. From table 4, under the defined parameter settings, the test is able to specify the Markov switching processes as spurious long memory process with high power. Only two cases have power lower than 0.5. The power increases with sample size and shows no monotonic tendency regarding the level of aggregation. However, we can see that most cases have higher power with higher aggregation level. Now, we discuss the results for model 2. The STOP-BREAK model was introduced by Engle and Smith [?] . Similar results as Markov switching are observed for this case. Under the three different parameter settings defined in table 5, the test is able to detect the model as spurious long memory with satisfying power, both in small and medium sample size. Especially when N = 5000, the power reaches almost one for all cases. For random level shift processes, either stationary or nonstationary, the test also performs very well. Under small probability of Bernoulli distribution, the estimated fractional integration parameters are biased toward stationary long memory. For p = 0.1, the memory parameter is biased toward nonstationary long memory. It indicates that higher probability leads to a more persistent process. Since our test is derived under stationary long memory condition, therefore, this case (nonstationary long memory with d ≥ 0.5) is out of consideration and the power of the test cannot be presented. The considered random level shift processes in this paper were firstly introduced by Chen and Tiao (1990) . Further conditions about the possibility of these models to resemble long memory has been clearly investigated by Breidt and Hsu (2002) .
Our results in this experiment are consistent with the test proposed by Ohanissian et al. (2008) . Their test is also able to distinguish long memory from the spurious processes with extremely high power by setting N = 610304. Since Ohanissian et al. (2008) uses Wald type test, it is well known that the test will tend to have full power for infinite sample size. However as we pointed out before, their test looses the power significantly in finite sample size. Therefore, our test fills this gap by having good performance in finite sample size.
Empirical Application
The dataset used in this study consists of daily absolute and squared returns for 9 German stock price series, listed in the DAX30. The examined cases are Allianz, BASF, BAYER, BMW, Commerz Bank, Continental, Deutsche Bank, Siemens and Volskwagen (VW) spanning from the period of January 1973 to December 2007. Therefore we have 9132 observations for each stock. Several previous studies have considered German stock returns and found long memory in the considered cases (Sibbertsen (2004a), Gurgul and Wojtowiczh (2006)), based on the fact that several estimation procedures such as GPH, Whittle estimator or Wavelet estimator give a fractional integration order within long memory interval. Again, it becomes crucial since several processes are able to create spurious long memory by having a certain degree of fractional integration as discussed in the previous section. Hassler and Olivares (2007) independently study the daily absolute returns of the German stock price index DAX and found a significant break in mean, which might be one source of the spurious long memory. Figure 1 and 2 depict the autocorrelation function (ACF) of absolute and squared returns of the considered stocks respectively. We plot the autocorrelations up to 300 lags. The figures show that the autocorrelations of both absolute and squared returns are strongly correlated until long lags. They decay slowly with hyperbolic rates and show the property of long memory process. Again, having this property does not provide enough evidence that the processes are long memory. Kuswanto and Sibbertsen (2008) demonstrate that several nonlinear processes under specific parameter settings may produce the same feature of autocorrelation function as long memory. This similarity holds also for the spectrum of both processes. Therefore, using only this information may lead to the wrong conclusion.
We apply our new test as a formal procedure to detect whether long memory observed in the table 8 and table  9 , for absolute and squared returns respectively. In the tables, we provide the estimated long memory parameter of the aggregated series under several aggregated levels m. The value in the last column is statistic χ n obtained from applying the test with m = 12. This choice is based on the simulations which suggest that the test tends to have more power for high aggregation level. Table 8 presents the results of the test for absolute returns. In line with the result for absolute returns, the test rejects the null of real long memory. By 5% level of significance, it fails to reject the null only for BASF case. Therefore, we may say that long memory observed in most of the German stock returns is spurious process, both in absolute and squared returns. The existence of this spurious process could be the result of non-stationarity, regime switching, mean shift, aggregation, etc. These results thus give new evidence about the behavior of German stock returns dealing with long memory.
Conclusion
This paper contributes to the literature on spurious long memory tests by providing a simple procedure to detect the spurious long memory based on the invariance principle of the estimated memory parameter under several aggregation levels. The test performs well in finite sample size. The empirical application gives evidence of spurious long memory in the absolute and squared German stock returns.
Appendix
This session gives the proof of theorem 1. We start the proof by showing that the following holds
where {W (t), 0 ≤ t < ∞} is a Wiener process and ε > 0. By theorem 1.1 of Horväth and Shao (1999), condition << A1 >> is satisfied if we can show that there exists ς > 0, τ > 0, ϑ > 0 satisfying ς + τ > 1/2 and ϑ + 2ς > 1, such that
where a k , b k , c k are defined in the previous section.
Suppose that the original series x t has the following infinite moving average representation:
where t is mean zero independent, identical distributed random variable and having variance σ 2 . Now, equation (2) can be written as
where a i = i j=i−m+1 α j and α j = 0 for j < 0. Before we examine (i), we firstly need to show that a i converges in mean square. This condition has been previously examined by Teles et al. (1999) . Nevertheless, let us describe it in brief here since it is very important for the test. is the basic condition allowing to develop test statistic by using aggregated long memory. Moreover, from equation (6), it implies
as k → ∞ for some C slowly varying at infinity.
To examine (ii), let us define b k = 
Recall the covariance of y t as follow
Define a Teoplitz matrix R nxn with the j, k-th entry ρ(j − k) and a matrix A nxn with the j, k-th entry b j−k . Then, by condition (1) and Parseval relation, A nxn can be defined as an inverse of the covariance matrix R nxn (Fox and Taqqu (1986) , Bleher (1981) ) written as
By this relation, we intend to get the asymptotic of b k . Furthermore, by proposition 1 of Souza (2008) , the autocovariance of y t is given by
From this, it is sufficient to show that
and therefore for 0 < δ < 1/2 − d
Further details about the autocovariance function of y t , the readers are referred to Souza (2008) .
From (17) and (23), it is sufficient to have as n → ∞,
= O(C(k)k 2d−1+δ )
where β(δ, d) is beta function defined as β(δ, d) = 
with s 1 = n 1 n 1 + n 2 , s 2 = n 2 n 1 + n 2 and T = n 1 + n 2 and theorem 1 is proved.
